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Lecture 19

PAC Learnability of Boolean Conjunctions

In this lecture, we prove that the class of Boolean conjunctions is PAC-learnable in the
realizable setting by analyzing a explicit algorithm.

Boolean conjunctions

We now study a concrete concept class over the Boolean hypercube X = {0, 1}". For each
coordinate i € [n], we have two literals: the positive literal z; and the negative literal z;,
where Z; = 1 — ;. Let £ = {x1,%1,...,%n, T} be the set of all 2n literals. For any subset
S C L, define the hypothesis

hs(z) = /\ U(z). (1)

les

Intuitively, a conjunction (also known as logical and) acts as a strict “all-or-nothing” check-
list. The hypothesis hg(z) evaluates to 1 if and only if every single literal in the set S is
satisfied simultaneously; if even one condition fails, the entire function outputs 0. We let

Coonj = {hs : S C L} 2)

be the class of all Boolean conjunctions of literals. This definition includes the empty con-
junction, which is the constant-1 function, and also inconsistent conjunctions such as x; A z;,
which represent the constant-0 function.

Example 1. If n =3 and S = {x1,Z2}, then
hs([L’l, T, JIg) =T N 1_32 .
Hence

hs(1,0,1) =1,  hg(0,0,1) =0.
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A learning algorithm for conjunctions

We assume the realizable setting: there exists an unknown target conjunction h* = hg+ €
Ceonj, and the training examples are drawn from a distribution D on X x {0, 1} satisfying

V(z,y) ~D: y=h"(x).

The algorithm starts from the most restrictive conjunction, namely the conjunction of all
literals, and then deletes literals that are inconsistent with positive examples.

1. Initialize Sy = L.

2. Process the samples one by one. If the current sample is (z;,0), do nothing. If the
current sample is (z;, 1), delete from the current set every literal ¢ such that ¢(z;) = 0.

3. After all m samples have been processed, let S be the set of literals that remain, and
output

h = hg. (3)
For example, suppose the current conjunction is x5 A 3 A T, and we observe a positive

example z = (1,0,1,0). Since za(x) = 0, the literal xo is inconsistent with this positive
example and must be deleted. The new conjunction becomes x5 A Z4.

Theorem 2 (PAC guarantee for conjunctions). Let Coonj be the class defined in (2). For

every €,0 € (0,1), if
2 2
m> [—” 1og(—”ﬂ | (@)
€ 0

then the algorithm above outputs a hypothesis he Ceonj Satisfying
PrTNDm[eer(ﬁ) < e] >1-0.

Consequently, Ceonj is PAC-learnable, with sample complexity
n

MPAC Coon; (€,0) = O(% 10g<5>> )

Proof. Fix €,0 € (0,1). Let S* C L be such that h* = hg« is the target conjunction.
We divide the proof into four steps.

Step 1: Target literals are never deleted. Consider any literal ¢ € S*. Let (x;,1)
be any positive sample. Since the labels are realizable and h*(x;) = 1, every literal in the
conjunction h* must evaluate to 1 on z;. In particular, we must have ¢(z,;) = 1. Therefore
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the deletion rule can never remove a target literal. Since the algorithm starts from Sy = L,
after all samples are processed we still have

S*C S, (5)

Step 2: The output makes no false positive errors. We claim that if A*(z) = 0, then
necessarily h(z) = 0. Indeed, if h*(z) = 0, then by the definition of conjunction there exists
some literal £* € $* such that ¢*(z) = 0. By (5), the literal ¢* also belongs to 5. Hence the
conjunction defining h contains a literal that is zero at x, SO

h(z)=0.
Thus

{reX hz)=1}C{ze X h(z)=1}

Equivalently, every error made by 7 is a false negative: the algorithm may predict 0 when
the true label is 1, but it never predicts 1 when the true label is 0.

Step 3: If no bad literal survives, then the error is at most e. For each literal
¢ € L, define

p(0) == Pryp,[h*(z) =1 and ¢(x) = 0]. (6)

This is exactly the probability that a random example is positive for the target concept and
simultaneously witnesses that the literal £ is inconsistent with the target. That is, if £ € h,
then h(x) will be zero erroneously.

Now fix any x € X such that h*(z) = 1 and ﬁ(x) = 0. Since & is the conjunction of the
literals in S, there must exist at least one literal £ € S with ¢(x) = 0. Therefore

{r€X :h*(z)=1and h(z) = 0} C | J{z € X : h*(z) = 1 and {(z) = 0}.

Using Step 2 and the union bound, we obtain
errp(h) = Pry.p, [h*(:c) =1 and h(z) = O]

< ZPrINDX[h*(x) =1 and ¢(z) = 0] ™

=> p(0).

¢S
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We call a literal ¢ € L bad if

€
0y > —.

pll) 2 5

Suppose 1o bad literal survives, that is, every literal in S satisfies p(¢) < ¢/(2n). Since

S C L and |£| = 2n, Equation (7) yields

~

errp(h) < Z p(0)

¢cS
-~ €
<‘S'—
2n
<o .=
n-— =¢
- 2n

Thus, if errp(ﬁ) > €, then at least one bad literal must survive in S.

Step 4: The probability that a bad literal survives is exponentially small. Fix
a bad literal £ € £. On a single sample (z9),49)) ~ D, the algorithm deletes ¢ if and
only if 49 = 1 and £(2)) = 0. Because the setting is realizable, y¥) = 1 is equivalent to
h*(2\9)) = 1. Hence, by the definition of p(¢),

Pr,, ,)~p[{ is deleted by sample j] = p(¢).
Therefore
Pr(xj,yj)wp[f survives sample j] =1—- p(g) .

Since the samples are independent, the probability that ¢ survives all m samples is

Prr.pn[{ survives all m samples] = (1 — p(¢))™ (8)
< exp (—mp(()) (9)
<exp(—3-). (10)

where (9) uses the elementary inequality 1 —u < e ™ for all u € [0,00), and (10) uses that
¢ is bad. Let Ly,q € L denote the set of bad literals. Since £ contains 2n literals, we have
| Lpada| < 2n. Hence, by the conclusion of Step 3 and another union bound,
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Prypm [eer (/l{) > 6] < Pryopm[3 a bad literal that survives]

< Z Prypm[¢ survives all m samples]
L€Lpaq
me

< | Lpadl - exp(—%>

me
<2n- exp(—z—) .
n

Thus it is sufficient to choose m so that

2n~exp(—%> < 0. (11)

Taking logarithms, (11) is implied by

m > 2—”1n(27”) | (12)

This is exactly (4). Therefore

Pro..pm [eer(ﬁ) < e] >1-4,

as required. N

Bibliographic Note

Valiant’s landmark paper introduced the Probably Approximately Correct (PAC) learn-
ing model, providing a rigorous mathematical framework for computational learning theory
[Val84]. In this work, Valiant demonstrates that the class of conjunctions (monomials) is
PAC-learnable using a simple elimination algorithm. Although this class contains expo-
nentially many possible concepts, he proved that it can be learned in a computationally
efficient manner. His results show that by allowing for a small margin of error and a failure
probability, we can achieve efficient learning within reasonable polynomial time.
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