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Lecture 15, 16, & 17

Linear Regression with Sub-Gaussian Noise

In many real-world scenarios, we aim to model the relationship between a set of input
variables (features) and a continuous output variable. An important case is when this rela-
tionship is, or can be well-approximated by, a linear function. For instance, we might want to
predict the sales price of a house (y) based on several features (x), such as its square footage,
the number of bedrooms, and its age under the assumption that these features contribute
(almost) linearly to the final price.

Problem Definition

More formally, we assume there exists an underlying, unknown parameter vector 3* € R9.
This vector encapsulates the weights associated with each of the d features in x to determine
the output y through a linear combination: y = (x, 3*) := x'3*. The task of linear regres-
sion refers to finding this unknown B* using a collection of past observations {(x;,v;)}",
where x; € R represents the feature vector for the i-th observation, and y; € R is the
corresponding observed output. In this lecture note, we consider a “fixed design” of linear
regression. Namely, x;’s are fixed'.

If our observations were perfect and followed the exact linear relationship, determining 3*
would essentially involve solving a system of linear equations. In most non-degenerate cases,
d 4 1 such perfect observations would suffice to uniquely determine 3*.

However, in practical settings, observed data is rarely exact. Various factors, such as mea-
surement errors or unmodeled complexities, introduce noise into our observations. We model
this by assuming that each observed output y; is a noisy version of the true linear relationship:

yi = (x;,8") +ei=x/B +e;  Vien]. (1)

Here, ¢; € R represents the unknown additive noise component for the i-th observation. We
make the following assumptions about this noise:

1. Zero-mean: E[g;] = 0 for all ¢ € [n]. This implies that the noise does not introduce
any systematic bias in our observations.

'The contrary is when x;’s are sampled from a certain distribution.
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2. Sub-Gaussianity: ¢; € subG (¢?). This is a general assumption indicating that the
tails of the noise distribution decay fast. The sub-Gaussianity assumption allows for a
broader range of noise distributions beyond just the normal distribution.

Matrix representation: The above setup can be written in matrix form. Let X € R"*9,
and y,e € R" be given as below

— x| — hn €1
X = Y= E=
— x) — Un En
Then we can represent Equation (1) as
y=XB"+e¢ (2)

We emphasize that both 3* and € are unknown, while X and y are observed.

Evaluation metric for the solution: Given a solution ,[;’ of the linear regression problem,
there are various ways to evaluate the quality of 3. For instance, one would want to find 3

with a small error measured by Hﬁ* — ,éH for some p € [1,00). Another measure, which we
p
use in this lecture note, is to focus on how well 3 would have predicted the observed y. More

NI
formally, we focus on the error measured by (1/n) - HXB* - XB ) , @ normalized version of
2

the error.

Finding a Solution

. 112
Ideally, we are looking for B := argming.ga || X3* — X,BH . However, since we do not know
2

B*, we choose to adopt the approximation y ~ X3*. In this way, we turn to solve the
following minimization problem

A

B=argminf(3); [f(B):=[XB-vyl|>

BeRd

Since the objective f (3) is convex, we can directly solve for B from the equation V f (B) =0.
Writing out the form of V f (3) gives

i (ﬁ) —9XTXB-2XTy =0.

This equation gives the solution
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where (XTX)T indicates the pseudoinverse of X'X.

Analyzing the Quality of 3

. (2
In this section, we analyze the quality of 8 by studying HX,@* — X,BH under the assumption
2
that &; € subG (0?). We start with a generic analysis that does not depend on the structure
of X.

Proposition 1. Let X,y, e, and ,é be defined in the linear regression set-up in Equation (2)
and Equation (3). Assume that ¢; € subG (0?). Then we have that

* 2 T X (IB B IB >
X3 - XpB|| <2 - (4)
o \x(e-e)l,
Proof. By the definition of ,é, we have that
2 2 o . 2 * 2 2
XpB —y||, = min [|XB -y, < [[XB" —yl, = [l ()
BeR

where in the last equality we use y = X3* + €. In the meantime, we also have that

[x6-y| = [x6-x8 | = |x6- x| ~2c"x (5"~ B) + el (6)

Combining Equations (5) and (6) gives

|x6 - xp°[ —2e7x (8~ B) + lell3 < llell2 = | X6~ x°| | < 2™ (5" - B)

Dividing both sides by HXﬁ — X

gives the desired result. O]
2

Now, we can assume specific structure of X and 3 to derive results based on this generic
analysis. In the following parts, we consider two cases: 1) X is a low-rank matrix; 2) 8* is
sparse.

Low rank X

Here we assume that X is rank-r. In this case, X has the following singular value decompo-

sition (SVD)
X = Z O'jlle;r
j=1
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Let U € R™" denote the matrix where the jth column is u; for j € [r]. In other word, u;
are forming a orthonormal basis for the column space of X. Then for all a € R¢ we have

Xa—Za] v a)u; = Ub

where b € R" has jth entry defined by b; = o; (V]Ta) u;.

Moreover, since u;’s are orthogonal to each other, it holds that ujT1 u;, = 0 for j; # jo and

u/ u;, =1 for j; = jo. Therefore, we can compute that

T

IXall; = o5 (v/a) 05 (vja) - (u)u,) }:0 vya)” = bl

J1,J2=1

Another way to view the above equations is that since the columns of U form an orthonormal
basis for the column space of X, it naturally follows that any vector in this space, including
Xa, can be represented as a linear combination of U’s columns. Furthermore, the squared
length of Xa is just ||b||§, which is obtained by squaring and summing its coordinates when
written in the basis of the columns of U.

This implies that ”;(("3‘” = IIbH Therefore, for all a € R?, there must exists a vector b € R”

with ||bl|, = 1 such that
Xa

= Ub.
1 Xall,

By Proposition 1, we have that

|xo X8|, <27 X(5-7)

[x(a-5)],
XW—W))

< sup 2¢ " (

BeRd HX(B _ﬁ*)Hz
= sup 2¢'Ub

beR™,||b]|,=1
= sup 2 (UTs)T b

beR",||bl|,=1

T

=2|[U'e], .

The maximization of a dot product occurs when the two vectors are in the same direction.
Consequently, the supremum in the last line is attained by the unit vector whose direction

is identical to that of UTe. Thus, the final equality is derived by setting b = ﬁ
2

Next, recall that the coordinates of the noise vector € were assumed to be sub-Gaussian:
g; € subG (¢?). The sub-Gaussianity of € has interesting implications for the concentration
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of the length of UTe. First, note that for the j-th coordinate of U'e, we have:
[UTEL. =u/e= Z U g

Since ; € subG (¢?), and the sum of independent sub-Gaussian random variables is also sub-
Gaussian (as established in Lecture 9), each coordinate [UTs] - is sub-Gaussian. The sub-
Gaussianity parameter for this sum is scaled by the sum of the squares of the coefficients. In

this case, since u; is a column of an orthonormal matrix U, its Ly norm is 1 (|ju,||, = 1). This

implies that the sum )  Uj; - &; is sub-Gaussian with a variance proxy of o2 |u;||; = o*:

[U'e], € subG (0?) .

This implies that

E[[uTel;] = ZE[UT HECIGEOR

The last inequality above comes from the moment bound for sub-Gaussians. Therefore, we
can conclude that

E[% |xs —XBHz] < E[% ||UTsH§] - %ZT;E[[UTE]?] <0 (Tf) .
pm

Sparse 3*
Let Bl (k) denote the set of k-sparse vectors in R%:
Bj (k) ={xeR%: ||x||, <k}

where ||x||, counts the number of non-zero entries in x. Assume that 8*, B € Bt (k). Then
we have that 3* — B € BY (2k). Define the support set S as

S::{ie[d]: [6*—6]2,%0}

Then we have that |S| < 2k. Given a fixed S, let I'g denote the subspace of vectors whose

support is S
g = {aERd:xi:OVigéS}

For a € Ty, let ag € RISl denote the vector that only contains entries of a with index in
S. In the meantime, let Xg € R™*¥l denote the matrix that only contains jth column with
7 € S. Therefore, we have that for all a € I'g, it must hold that

Xa = Xsag


https://maryamaliakbarpour.com/courses/S26/Lecture10.pdf
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Since Xg € R™I51 we have that Xg is at most rank-|S|. Let Ug € R"*I5! denote the matrix
of the left singular vectors of Xg. Similar to the low-rank assumption, there must exist
b € RI®l with ||b||, = 1 such that

Xa . Xgas
IXal,  [[Xsasll,

=Ugb

Similar to what we have had earlier, we get the following via Proposition 1:

|xp—xa| <27 X<ﬂ_ﬁ)
: [x (-5,
X (3 BY)
< Sup et (HX CE 6*)||2)

T( Xa )
= sup 2e
acB(2k) [Xall,

T( Xa )
= sup sup2¢ | t—
SCd]}|5|=2k acTs [ Xall,

= sup sup 2¢ " Ugb
SC[d];|S|=2k beR2F;||b||,=1

sup 2 HUEEH2
SC[d];|S|=2k

Taking the expectation from the squared of both sides leads to:

E[HXﬂ* - XBHQ] < 4E[ sup \\U§s||§] ,
2 SCld)|S|=2k

where the expectation is taken over the randomness in . Now, let’s focus on the centered
. 2
version of ||UgeH2:

E[HXI@*_XI[;HQ]§4E1 sup (Hugs||§_E[HUgeH§])]+ s B ulell;].
2 SCd];|S|=2k SCd);|S|=2k

The first expression represents the expected maximum deviation from the mean of a set
of centered random variables, HUE&H;, which are indexed by S. There are at most (2dk)
such variables. Earlier in this lecture, we have shown that every coordinate of U'e is a

sub-Gaussian random variable. It is not too difficult to show that leads to proving that

[UTe], esubG(0?) = [UTe]]—E[[UTe]]] € subE (c-o?) ,

J
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For some absolute constant c. We formally prove this in Lemma 2.

Now, HUgsH; represent sum of at most |S| = 2k sub-exponential random variables, and
therefore it is a sub-exponential random variable itself with parameters (ko?). This leads to
an upper bound for the expected maximum, given by Lemma 3:

T2 T.||2 2 d
4E[ngﬁg_% (Juge] - E[||USEH2]>] <0 (k o%log (%))

where C' is an absolute constant.

Additionally, a second term in the overall expression is a lower-order term bounded by O(ko?)
(by the moment bounds of sub-exponentials). By applying the standard estimate for the

binomial coefficient, (Z) < (e—d)k, we can conclude that:

2
~112 2].2
E[l HXﬁ* _XIGH ] <0 (0 k log(d/k)>
n 2 n
Some useful lemmas

Lemma 2. If X is a sub-Gaussian random variable with parameter o2, then X* — E[ X?] is
a sub-exponential random variable with parameter K' = ©(c?).

Proof. We show that the moments of X? — E[X?] satisfy the growth condition for sub-
exponential variables. In particular, we will bound the L,-norm of X?* — E[X?].

By the triangle inequality for the L,-norm (Minkowski’s inequality), we have:
I =e[X2],, < 1], + B[, (7)

The second term is the Ly-norm of a constant, so ||[E[X?]||, = E[X?]. The first term is
(E[X?])'/? by definition. Thus,

|x* —E[X?]]|, < @®E[x*])"+E[X?] 8)

Now, we use the sub-Gaussian moment property to bound each term on the right-hand side.
From the sub-Gaussian moment bound, we know (E[|X|*])/? < &,/g. Let q = 2p.

(E[sz] )1/(21?) < U\/Q_p

To get the desired form, we raise both sides to the power of 2:

B[X*])" < 20% 9)

2It is important to note here, we are using the Vershynin’s book [Ver18] notations of sub-exponential we
discussed in Lecture 11.


https://maryamaliakbarpour.com/courses/S26/Lecture12.pdf
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We use the sub-Gaussian moment bound with p = 2 to bound the second term:
(E[X?])? <ov2.

Squaring both sides gives:
E[X?] <20°. (10)

Substitute the results from (9) and (10) back into (8):
| x* - E[XQ] HLP < 20°%p +20% = 20%(p+ 1)
For any p > 1, we have p + 1 < 2p. Therefore,
lx* — Bx7]

Iy, <4o°p

Let K = 402 We have shown that for all p > 1,
(B[IX? — B[X*]P]) < Ko
This is the moment condition for a random variable to be sub-exponential.
Thus, X? — E[X?] is sub-exponential. O

Lemma 3. Let X4,..., X, be random variables such that each X; is sub-exponential with a
parameter K > 0, i.e., for any t > 0,

Pr[|X;] > 1] < 2exp(—t/K).
Then the expected value of their maximum is bounded as:

E[m%xXi] < K(1+1n(2n)).

=1

Proof. Let M, = max?_; X;. We aim to show that E[M,,] has an upper bound proportional
to Inn. The plan is to find a tail bound for M,,, and then use the integral identity for the
expectation.

Since the integral identity works for positive values only, we bound the expectation of the
positive part, E[M;] = E[max(M,,0)], using the integral identity formula:

E[M}] = / Pr[M, > t]dt.
0
We split this integral into two parts at a threshold ¢y, which we will define shortly.

to [e’s)
E[M] :/ Pr[Mn>t]dt+/ Pr[M,, > t]dt.
0

n
to

Let’s choose tg = K In(2n). This choice is motivated to balance the two parts of the integral.
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For the first part of the integral, we use the simple fact that any probability is at most 1:
to to
/ Pr[M, > t]dt < / l1dt =tg = K1n(2n).
0 0
For the second part, we use the union bound on the tail probability of the maximum:

Pr[M, > t] = Pr[U]_{X; > t}] < ZPr[Xi > t] < ZQexp(—t/K) = 2nexp(—t/K).
i=1 i=1
Now we integrate this tail bound from ¢y to infinity:
/ Pr[M, > t]dt < / 2nexp(—t/K)dt
to to
=2n[-K exp(—t/K)]Zf
= 2nK exp(—to/K).

By substituting our choice of ty = K In(2n), we get:

s

e = exp(—In(2n)) = QL

n

exp(—to/K) = exp (-

Therefore, the second integral is bounded by a constant:

/ Pr[M, > t]dt < 2nK (%) =K.

to n
Finally, we combine the bounds on the two parts of the integral:

to 0
E[M,] < E[M}] :/ Pr[ M, > t]dt+/ Pr[M, > t]dt < KIn(2n) + K.
0

to

This gives us the desired result:
E[mx Xi| < K(1+n(2n)).

This completes the proof. O

Bibliographic Note

The content of this lecture was adapted from the lecture notes of Prof. Sasha Rakhlin for
“Mathematical Statistics: A Non-Asymptotic Approach”, which can be found here [Rak22].


https://www.mit.edu/~rakhlin/courses/mathstat/rakhlin_mathstat_sp22.pdf
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