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Lecture 12

Sub-Exponential Random Variables

In the previous lecture, we explored sub-Gaussian random variables and observed their lim-
itations. Specifically, we encountered simple random variables that did not fall under the
sub-Gaussian category. Additionally, we saw that Hoeffding’s Lemma, while useful, has lim-
itations due to its invariance to variance. To address these limitations, we now introduce
the concept of sub-exponential random variables. These variables offer a more nuanced ap-
proach to characterizing random variables and their concentration properties, particularly
in scenarios where sub-Gaussianity proves insufficient.

Recall from the last lecture that for |A| < 1/4, we have:
E[ezz’l] < e

where Z ~ N (0,1) was a standard normal distribution.

The definition of sub-exponential random variables is inspired by the behavior of Z2. Like
Z?, sub-exponential random variables have moment generating functions (MGFs) that are
bounded for a range of A\ values. In fact, we define a sub-exponential random variable with
this property:

Definition 1. A random variable X with mean p = E[X] is sub-exponential if there are
non-negative parameters (v, «) such that

B[] < 22 for all X for which |\| <

Q|+

We write X € subE (v, ).

These variables also exhibit heavier tails than sub-Gaussian random variables, decaying at a
rate e!, similar to that of Z2. This slower tail decay distinguishes sub-exponential random
variables from sub-Gaussian ones and makes them suitable for modeling distributions with
heavier tails.

Lemma 2. If X € subE (12, «), then we have:
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The same bound holds for the tail of E[X] — X. Alternatively, we can write:

Pr(X —E[X] > 1] < exp (‘ i {;722 £}>

t?/2
S exp 12+ ta

Proof. To establish this tail bound, we employ the Cramér-Chernoff method. This method
leverages the fact that for any strictly increasing function f and any z,y € R, x > y if and
only if f(x) > f(y). This implies that Pr[X > Y] = Pr[f(X) > f(Y)]. For any A > 0, the
function f(x) = e is strictly increasing. Therefore, we get:

Pr[X — E[X] >t] = Pr[eMX*E[XD > eM]

E[NX-FIXD]
< .
= oY

(by Markov’s inequality)

The expected value in the numerator is the moment generating function (MGF) of the
centered random variable X — E[X]. Since X is sub-exponential, we can bound this MGF
as follows:

E[X-E[X]) ev?z L2)\2
Pr[X —E[X] >{] < [ e ]g e —exp(2 —M).

This bound holds for all A € (0 l]. Thus, we have:

e

VA2
Pr[X —E[X] >¢] < ) inf exp < — )\t) :
(0

(0,a71]

To obtain the tightest upper bound, we minimize the exponent over this range. The exponent
is a quadratic function in A:

2 )\? V2
A = —X=A=X—-1].
g(A) 5 (2 >

This quadratic has roots at A =0 and A = 3—5, and it attains its minimum at the midpoint,
Amin = V—g Now, we consider two cases based on whether Ay, is in (0, a™!] or not:

Case 1: M\, < é In this case, the minimum is within the allowed range for \, and we
have:

V22 2
PrX — E[X) 2 1) < oxp (S5 < it ) = o (55 )
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Case 2: \pin > é Here, the minimum falls outside the allowed range. Since g(\) is
decreasing for A < Ay, the minimum value within the allowed range is achieved at \ = i:
v: oot t ot - 2
Pr[X — E[X] Z t] § exXp (ﬁ — a) S exp <% — E) (USng t> E)

t
= exXp _ﬁ .

The above bounds together imply Equation (1). To see that the same bound applies to the
other tail, Pr[E[X] — X > ¢], we simply note that if X is sub-exponential, then so is —X
with the same parameters. Applying the above argument to —X yields the desired bound.

The alternative form of the bound can be easily derived from the above cases, and we leave
its proof as an exercise. O

This lemma reveals that sub-exponential random variables exhibit tail behavior similar to
sub-Gaussian random variables near their mean. However, as we move further away from
the mean, their tail behavior transitions to an e~* decay. The parameter v acts as a variance
parameter, while a serves as an inverse width parameter, controlling the range over which
the sub-Gaussian-like tail behavior holds.

Alternative Definitions

It is worth noting that alternative definitions of sub-exponential random variables exist
(e.g., Section 2.7 in [Ver18]), using roughly the same parameters for both v and «. For these
alternative definitions, we have an analogous lemma to sub-Gaussians establishing equivalent
properties.

Lemma 3 (Equivalent Properties of Sub-Exponential Random Variables). The following
properties are equivalent (up to constant factors, with the C;’s differing by at most an absolute
constant factor) for a random variable X :

1. Tail Bound: The tail probability of X satisfies

Pr[|X]| > t] < 2exp(—t/C) forallt > 0.

2. Moment bound: The moments of X satisfy

IX1,, = EIXPD" < Cop  forallp>1.
3. MGF of |X|: The moment generating function of |X| satisfies the following bound:

1
E[e”x‘] < exp (C3\) for all X such that 0 < \ < o
3
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4. MGF of |X|: The moment generating function of | X| is bounded at some point. For

some Cy, we have:
B[dX/0:] < 2.

5. MGF of X: If X is centered (E[X] = 0), then the moment generating function of
X satisfies:

E[e* ] <exp (C2N?) for all X such that |\ < C’i
5

Deriving MGF Bound from Moment Bound: Proof of 2 = 5

Proof. Suppose X is a zero mean random variable with bounded moments. For all p > 1,
we have:

IXII,,, = (B[IX[P])Y? < Cap.

Our goal is to bound the moment generating function of X. We start by the Taylor expansion
of the exponential function:

Using this, we can write the MGF of X as:

E[] :E[iwl <E[1+>\X+Z (AX)P ]

p=0 p! p=2 p'
MNE[XP = \PE[XP
X 5 ELY

_1+)\E[X]+Z o

p=2 p=2

)

where we used the fact that E[X] = 0 in the last equality. Now, we can use the moment
bound to bound the terms in the summation:

E[GAX]§1+Z NE [ ] +iAp(Cgp)p

p=2 p=2 p‘
— (ACyp)? : . L
<1+ —_— using Stirling’s approximation: p! > (p/e)?
p§:2 ) (using 8 (p/e)")
> (CQ A 6)2
=1 P=14—— f 1
—|—p:2(02)\e) —1—1_02)\6 (for [CyNe| < 1)

Note that the series in the last line converges only when |Cy\e| is bounded away from one.
The denominator in the last term can get arbitrarily close to zero, which makes the bound
useless. Here, we set A in a way that the denominator is at most a constant. (Remember
that we have control in determining the range of \.) Let’s assume A is in a range for which
we have |Cyle| at most 1/2. Then, we obtain:
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B[] <112(CyAe)? < exp (2CoAe)?) (for all ]A] < g57)
<exp ((2eCh)* N?) .

This shows that the MGF of X is bounded as described in Definition 5 for C5 = 2Chye. [

Bibliographic Note

The content of this lecture was derived from Section 2.7 of [Verl8], and the lecture notes
of Prof. Sasha Rakhlin for “Mathematical Statistics: A Non-Asymptotic Approach”, which
can be found here [Rak22].
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