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Lecture 4

Property Testing of Distributions: Uniformity testing

In statistical inference, we often have limited access to the complete population and must
rely on samples. We model the population as a probability distribution, which provides
a mathematical framework for representing outcome probabilities. In distribution testing,
we aim to efficiently determine, based on observed samples, whether this distribution has a
certain property or is far from having it. This aligns with the core objective of statistical
inference: inferring properties of an unknown population distribution from data.

Problem Definition

What is a property? A property P is a set of distributions. If a distribution p € P, then
p has the property; otherwise, it does not. For instance, P could be the set of unimodal
distributions or the set containing only the uniform distribution on [n], denoted as U,,.

Distance measure: We need to define what it means for a distribution to be far from
having a property. First, consider the distance between two distributions. Common examples
include:

o (i-distance: [|p —qll; = > cq Pz — ¢l

o (r-distance: |[p —q||, = \/erﬁ(px — Gx)?

e Total Variation distance: ||p — ¢|ltv = maxgcq [Pro,[z € E] — Pr, [z € F]|

where p and ¢ are two distributions over a discrete domain 2. A key relationship between
distances is:

P —qll, = 2lp — qllrv -

Exercise: Prove the above identity. The distance between a distribution p and a property
P is the distance between p and its closest distribution in P:

dist(p, P) = ;gf) dist(p, q) .
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We can use various distance notions instead of dist here. We say p is e-close to P if
dist(p, P) <€, and e-far if dist(p, P) > e.

What do we want to distinguish? Our goal is to distinguish distributions that have
a property from those that are far from having it. For example, consider a distribution
almost perfectly uniform over [n], except for a tiny probability of outputting the element
1. Finding such negligible differences can require many samples. Therefore, we aim to
distinguish whether p € P or p is e-far from P.

For distributions that are neither in P nor e-far from P (i.e., e-close but not in P), either
answer is considered valid. We accept the compromise of misclassifying distributions that
are close to having the property, even if they don’t have it exactly.

Tester: Consider three parameters € € (0,1),6 € (0,1), and n € N. Suppose an algorithm
A receives these parameters and m-samples from a discrete distribution p over [n] as its
input and produce an output in {accept, reject }. We say A is an (¢,0)-tester for property
P, if the following holds with probability 1 — d:

1. If p € P, then A outputs accept.

2. If p is e-far from P (in ¢;-distance), then A outputs reject.

m is considered as the sample complexity of the algorithm.

Uniformity Testing

The goal of uniformity testing is to design an algorithm that takes samples from a distribution
and determines whether the distribution is uniform or e-far from uniform. Consider the
following sets of samples:

Scenario 1: 9, 2, 8 5, 1, 5, 3
Scenario 2: 6, 4, 6, 4, 1, 1, 4

Could you guess one of this set of samples is drawn from a uniform distribution? Can you
find out what gives it away?

The intuition that we would like to highlight from this example is that If we draw samples
from a uniform distribution, we expect to see fewer repetitions compared to samples drawn
from a non-uniform distribution. Based on this intuition, we design an algorithm that counts
the number of repeated pair of samples or what we refer to as collisions. Consider two samples
drawn from p as X; and X;. We consider this pair as a collision if X; = X;. We use o0, ; as
the indicator variable for this event:

%= 0 otherwise.
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Now, in a sample set {X7,..., X,,}, the total number of collision can be a good indicator of
uniformity. We formalize this argument in Algorithm 1. For some number of samples, for
now denoted by m, and some sufficiently large threshold ¢, we count the number of collisions.
We normalize this number by dividing it by the total number of pairs of samples, (’;) to
obtain a value between 0 and 1. Then, we compare it with the threshold ¢. If the number
of collisions are high we infer that the distribution is not uniform. Otherwise, it is uniform.
Our goal is to determine what m and t should be so that we get an (¢,0 = 0.1)-tester for
uniformity (P = {U,}).

Algorithm 1 Collision-Based Uniformity Tester

1: procedure COLLISION-TESTER(€, §, n, sample access to p)
2 Draw m samples from the distribution p: Xy, X», ..., X,,.
3 forto=1tom—1do

4: for j =7+ 1tom do

5: if X; = X, then

6 0,5 <1

7 else

8 045 < 0

9: V Zi<j Oi,j

m

2
10: if Y <t then

11: return accept
12: else
13: return reject

Here, we consider two cases: when the underlying distribution is uniform, denoted by p1,
and when it is far from uniform, denoted by py. Figure 1 illustrates the probability density
function (PDF) of Y under these two scenarios. When p; is uniform, Y has a low expectation,
E, [Y]. Conversely, when ps is far from uniform, Y has a high expectation, E,,[Y]. We set
the threshold ¢ at the midpoint between these expectations. The concentration of Y around
its respective expectation ensures that deviations beyond t are improbable. Specifically, the
blue shaded area shows the unlikely event of ¥ > ¢ when the underlying distribution is
uniform, and the red shaded area shows the unlikely event of ¥ < ¢ when it is far from
uniform.
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Figure 1: Separation of the PMFs of Y when the underlying distribution is uniform versus
far from uniform.

Expected values

Let’s first analyze the expected value of Y. The expected value of o; ; is:

E[Ui,j] = iPI‘[XZ = Xj = g] = iPI‘[Xl = K] . PI‘[Xj = g]

(Since samples are independent.)
n
2
= ZP? = [Ipll; -
=1

Therefore, the expected value of Y is:
1
E[Y] = @) > Eloi;]=lplls. (1)
27 i<y

We can relate this to the fs-distance of p from the uniform distribution:

2 - 9 = 1 1\? n 1\ 2 1 1 1
E[Y]:||p||2:Zp£:Z pé_ﬁ"‘ﬁ :Z pg—ﬁ + 2 pe—ﬁ ﬁ—i_ﬁ
=1 1

= /=1
2 [ 1 1 2)
=lp=U,|?>+= - = - (
Ilp = Uals + > (}kljm n) +-
1 2
=— —U,llz .
n +lp 2

Note that in the last equality we used the fact that »_, , p, is one. This shows that the
expected value of Y is directly related to the squared /5 distance between the distribution p

and the uniform distribution. The farther p is from uniform, the larger the expected value
of Y.
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Now, when the underlying distribution is the uniform distribution, we have:
1
Epl[Y] = E

On the other hand, when p is e-far from the uniform distribution (i.e., the total variation
distance between p and the uniform distribution is at least €), we have:

1 o 1 |lp2— Un||2 1+¢€
Epz[Y]:ﬁ+||p2_UnHQZE+ ! > :

n
The first inequality is due to the Cauchy-Schwarz inequality:
S (- 2) ) (o 02) = 3w - 2
2)e = = DP2)e 0
=1 =1 =1
= e = Ul -0 = [lp2 = Unll} -

The second inequality is due to the fact that py is e-far from being a uniform distribution.

The above analysis demonstrates a separation between the expected value of Y based on
the uniformity of the underlying distribution. We set our threshold to be between these two
bounds to account for the potential deviation of Y from its expectation:

b 1+ €%/2
=—

Concentration bounds

To establish concentration bounds for Y, we can employ concentration bounds. Note that Y
is not a sum of independent random variables, making it unsuitable for a direct application
of the Chernoff bound. Our plan is to use Chebyshev’s inequality, which requires us to
compute the variance of Y. We state the following lemma:

Varlv] = - () it o) i)

We will defer the proof of this lemma for later. In the following, we bound the probability
that Y goes beyond threshold .

Lemma 1.
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Case 1: the uniform distribution. In this case, we have:
Var[Y]
< > -
- 2 2
(%)

1 m 5 m 3\ 4n?
= () () i) - 25

2
Pr, [V >t] <Pr [|Y —-E,[Y] > 26—] (By Chebyshev’s inequality)
n

(%)
2 1 3
=0 ( TZ i’ <m2 -+ %)) (Since p; is uniform.)
mie non
n 1
= — 4+ — ] <0.1
© (m264 + me4> <01

ifm>c- ({—f + }4) for a sufficiently large constant c.

Case 2: a distribution far from uniform. Consider py for which we have ||ps — Un||£ >
e. In this case, the bound on the variance can be large. Specifically, the term () [|p||; +

6(’3) Ip|l3 could be problematic if we require |Y — E[Y]] < % To address this, we adjust
the bound accordingly:

1 2/2
Pr,, [V <t] = Pr[E[Y] ~Y > E[Y]- +—€/]
n
Note that using Equation 2, we have:

(o) s (5)

1+¢%/2 2
= E[y]_+—6/2%.E[y]
n

Thus, we obtain:
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Pr,[Y <t] =Pr

E[Y]-Y > E[V] - #]

’ 4 Var[Y
[E[Y] -Y > % : E[Y]] < —EZ/E?[I'S[/P] (By Chebyshev’s inequality)
4 () lIplly +6(3) liplls

T () e [lplls

1 Iplls
=0 2 4 2+ 4 4
m? - etpll;  m-et|lpll,
<@( n +ﬁ)§0.1,

m2e*  met
(Using [jp[l; > £ (implied by Eq. 2), and ||p|[3 < [[p[l; (implied by Fact 2))

if m>c- Y2 for a sufficiently large constant c. Here, we used the following inequality that
is known as £ -norm inequality:

Fact 2 ({,-norm Inequality for Distributions). For any probability distribution d =
(dy,da, ...,dy,) over [n] and 1 < q < p < oo, the following inequality holds:

]l < fll,

where ||d||, is the {,-norm of the distribution p, defined as:

n 1/p
], = <Z \dz!p>
i=1

Putting all these pieces together, we have presented a collision-based uniformity tester and
analyzed its sample complexity. We have shown that the tester (Algorithm 1) requires
O <‘€/—f> samples to distinguish between uniform and e-far from uniform distributions with

probability at least 1 — & = 0.9.

Variance bound: Proof of Lemma 1

052’<( stz (y ) i)

Lemma 1.

Var[Y] =
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Proof.
1
Var[Y] = Var (T Z aiJ)
( 2 ) 1<j
Var Z ai,j> (Since Var(aX) = a*Var(X) for any constant a)

_ b
(Tzn)z 1<j

-7 (2| (B) |- (=)
- (ZZEMJ o] npus) (By Ba. 1

1<j <k

Let’s focus on the terms E[aiyj J&k]. We have the following cases:

Case 1: ¢ = ¢ and j = k Note that there are (Tg) many of such terms in the variance
bound. In this case via Equation 1, we have:

E[oi;00] = E[07;] = E[ai;] = |Ipll; -

Case 2: {i,],/,k} has three distinct elements. First, observe that there are 6 (’;‘) many
of such terms in the variance bound. Now, let’s compute the expectation. Without loss of
generality, assume ¢ € {i,j}, and k & {i,5}. Then, since X;, X;, and X}, are independent
and identically distributed, we have:

Eloij o] = Pr[Xi = X; = X = > 02 = |pll} -

r=1

Case 3: {i,j, ¢, k} has four distinct elements. There are (’;) . (m2_2) many of such terms

in the variance bound. And, since all the indices are distinct, o; ; and o, are independent
of each other. Hence, we have:

E[oi;oci] = Eloi;] - E[oer] = |Ipl5

where we use Equation 1.

Exercise: Verify that () 4+ 6(%) + () ("7 = (Tgn)2
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Putting these cases together, we obtain:

VarlY] = ((”;) i o ()it + () (5 7)ot = () ||p||3>

< ((5) o) o)

Bibliographic Note

The content of this lecture was based on the collision-based tester that can be traced back
to Goldreich and Ron’s work on testing graph expansion [GR00, GR11]. Batu et al. later
formalized the problem of uniformity testing for distributions [BFRT00] and provided a
lower bound of Q(y/n). Through a series of subsequent work, the sample complexity of the
problem settled to be O(y/n/e?) [Pan08, ADJT12, VV17, CDVV14, DKN15]. Diakoniko-
las et al. [DGPP19] later provided a new analysis of the collision-based uniformity tester,
demonstrating that it achieves the optimal sample complexity of O(y/n/€?).
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