
Lecture 4

What can we learn privately ?



RecBubly Approximately Correct (PAC)

X instance space set of all instances

(input space/domain)

h : X -> [ + 1 , - 13 concept a function to label elements

# concept class a collection of labeling functions

↳ target concept h*Ef and label all instances

correctly

& target distribution distribution over instances
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Recall
-

true error : err(h) : = Po (h(x) +]]
(n,j) - D

Fi samples from!

e (h)=i) it (m] : unil = % : 3/
M

ERM : empirical risk minimizer

output : argmin
eir 1h)

D ↳ training error



Recall

learning(Probably Approximately correct

suppose that we have a concept class It

over X
.

We say that If is PAC learnable

if there exists an algorithm A s
.
+ :

↓ hel
,
YD over X

,
+ <

, B (0
,
0.5)

A receives 2 , p ,
and samples<9. , 7 , 17

-- > < Ams Ym > where hi's are iid

samples from D. proper

(ec]
Then

,
w . p . 21-B , A outputs ↑ s .t .

err (i)
Imin

eachto

The probability is taken over the randomness

in the samples and any
internal coin

flips of A .



&worksforafinite clasis
- Problem setup :

samples (n, y , , .
. ., (mm , Ym) D

helt : err (h) := Pr [h(a+ y]
(9, ])s D

Goal
-

find he H
N

S
.

+
- with probability

1-B ,
err(h) & min err(h1 +x

hel

proof via uniform convergence.

set a = 21 Bo B1

we show if ms
, 00(1H1+ log()

then

Pr[fheH : (arch) - earch/ed] <, 1-p



For all hel
,
we define :

"

X = # samples in 2 where him) Yi
h

er (h)=
m

Each sample is mislabeled r
. p.

euchicPr[hial + y].
(x,y) - D

=>
X
k is a binomial random variable.

X - Bin (m
, err

(h))
h

Via Hoeffding bound :

Pr (ler (h) - er(h))] =

-ma

Pr//Xn - ech))aa]2e5



Pr[TheH : levi (h) -errihi1 >]

[
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e
- 2B'

This holds for all I

M -Cen(2111+ (n (Yp'))
2'2

=> Pr/heH : /er(h)-em(hil[d]

interof me

uniform convergence



Recall

Uniform~convergence (uc implies agnostic PACI learnability via EMR .

Outcome of ERM minimizes the er (h) :

"& ERM = arg min
err (h)

nEH

:
and min err (h)

hel

D = Einermleem(h(
w. p. & &

I-B
I

*

&UC = Perchemm) ear (hermlea

↳ er (4) e err (h) + a

=> e (herm) 1 er (h* = 2
/

min err(h) +
2a

E
htt

as desierd in PAC learning.
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Exponential mechanism :

Help us to pick an element privately

an element that maximize a score
->

-

↓

or utility
Algorithm :

Input : data set 2
,
set of options

score function u
, privacy

parameter E
,

Output : pick h Et with prob

X
hi

* is sensitivity of h:

Au := max 1x (h, 2) - u(h, z's
h,2
,
2

↑

↑ S

Y

neighboring
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of privacy :

for all h:

z
-> e

E

-ch , 2)
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score performance of output
-

Thm pr/n/h) e OPT
- 2A(luTH( +t)E

1 e
-t ↳ OPT = maxu(h , 2)

h

[i OPT-2P (ln(H) +t)proof :

M
↑

E

Pr(u(h ,2) = c] = [Pr[pickh12]
h

ulh, 2) IC

E alh ,2)

↳ minthinkDr
e

hett

=
= exp((n (1) + (c - OPT)eet



limitatPAC learning

Exponential mechanism chooses an item

with high utility. We can use this

mechanism to minic ERM .

We privately
select a concept that labels a

large number of samples correctly.

For all hEH
,
we define uth

, 2)

to be the number of correctly labeled

samples:

u(h , 2) =12:1 kmi) = 3: 31
↓

training set

Note that eir (h) = 1 - u(h, 2)
M

ERM minimizes & Exponential mechanism

err (h). privately maximizes
r (h , z(



Note heru maximizes uCh
,
2).

-

OPT
= ulheam .

2)

Let u
be the outcome of the

exponential mechanism.

=> we have shown w
. p . 1-B' :

A
ofu is 1

↑
Iu(hz) > u)k ERM ,

2) = 21 (In (1+)) + log),)E
- -

1 OPT

(
= m = m .e(hm

=- m .

e (hul > -m .

er (hu) -Ellen,, ))

( e(hu)eErm) + full)

Thus
,
For all m > (1) + In (YB')

,
we get :

-

2x

ein(hm) erherul + &



->
if ms

, (19(11)+log (1) ,

with

212

probability ofl-p uniform convergence

holds :

* /er(h)-ech/ &

finally lets analyze the error of:
M Bit
&

UsingD and &, with probability 1-2B:

err (hm) enchul + vaD

↳
er (term) + 2'vaD

2
err (h

P

)
+
2

I

using ERM
h
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=
err (n

*
)
-> 32

/

viae
-
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= If m
> blog(1H)-log (Yp) ·(a)

then Prfear (tm) =min errch) + c]
helt

1-B



Note that for2 > < privacy
is "free" : That is the sample complexity
increases by a constant factor.

Otherwise ,
it's linear in terms of a

and E.


